p. 103, and we refer to [1] for generalities on integration on locally compact spaces.
We shall give only one theorem. The interested reader will check that the result given allows one to get, using classical results of probability theory, the well-known formulations in the case of R or R/Z, which involve conditions on the values of f (p), p ∈ P , the analogues of Theorems 7.1 and 7.2 in [3] for locally compact abelian groups, of Theorems 8.1, 8.2 and 8.9 in [3] for compact abelian groups, and leads to simple proofs of Theorems 22.1, 22.2 and 22.3 in [4] .
Theorem. Let h be the subset of g, in fact a subgroup of g, of the elements χ of g such that
There are two cases:
F i r s t c a s e: h is not locally negligible relatively to m.

Then the dual of g/h is a compact subgroup H of G and there exists a continuous homomorphism ϕ : R → G/H, a sequence a n in G/H and a probability measure ν with support in G/H such that the sequence of measures 1 [x] n≤x δ T H (f (n))−ϕ(log n)−Σ p≤x a p converges vaguely to the measure ν, which is not continuous if and only if H is finite and
N.B. The sequence a n has the property that for any given α satisfying 0 < α ≤ 1 and any sequence Y [x] 
S e c o n d c a s e: h is locally negligible relatively to m.
In this case, for any compact subgroup K of G, any continuous homomorphism ϕ : R → G/K, any sequence a n of G/K, the sequence of measures
converges vaguely to the null measure.
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III. Proof of the result
(1 − Re g(p)p −iu ) converges, then lim sup x→∞ 1 x n≤x 2 n g(n) > 0 and n≤x g(n) = x 1+iu 1 + iu p≤x 1 − 1 p 1 + ∞ r=1 g(p r )p −iur p r + o(x), x → ∞.
If such a u does not exist, then
(See [3] , Ch. 6.)
Ruzsa's Theorem. Let G be a locally compact abelian group, µ p a sequence of probability measures on G, and denote by µ y− the convolution product (
If there exists V , a compact neighborhood of the origin in G, such that
lim y→∞ sup x∈G µ y− (x + V ) > 0,
1) h is not locally negligible, (2) there exists a continuous homomorphism ϕ : R → G/H, where H is a compact group, such that for every χ in h, the dual of G/H, we have
We assume that h is not locally negligible.
P1. h is an open subgroup of g.
P r o o f o f P1. h is the set defined by
is multiplicative with modulus equal to 1, and so, Halász's Theorem gives that χ ∈ h if and only if there exists τ χ ∈ R such that
Since for every χ and χ in g and a in G, we have
)/p, and so, χχ belongs to h. h is clearly measurable, and being a not locally negligible measurable subgroup of g, h is an open subgroup of g; hence, it is closed, and so, locally compact; moreover, g/h is discrete. We denote by H the orthogonal of h, which is compact as the dual group of a discrete group. A consequence is that G/H is locally compact.
P2. χ →
Suppose that τ χ and τ χ are associated with the same χ of h. This gives that
To show that
/p converge, and so, as above, we conclude
)/p converges.
P3. χ → τ χ is a continuous group homomorphism.
P r o o f o f P3. It is sufficient to show that χ → τ χ is measurable. For any prime q, we define, for α > 0, α an integer, and χ in h,
These functions are continuous on h, and setting
, where I(z) is defined by I(z) = 1 if z = 0, I(z) = 0 if z = 0, we see that S q α ,x (χ) is a sequence of measurable functions, never equal to 0, and we have
So, as a limit of a sequence of measurable functions, q −iτ χ is measurable.
we deduce that χ → τ χ is measurable as the limit of a sequence of measurable functions.
P4. There exists a continuous homomorphism ϕ : R → G/H such that for every n in N *
, we have χ(ϕ(log n)) = exp{iτ χ log n}. P r o o f o f P4. For a in R, we set ψ a (χ) = exp{iaτ χ }, and remark that χ → ψ a (χ) is a continuous character of h. The classical duality theory (see [15] , Ch. VI, §28, pp. 102-103) gives immediately that the dual map ϕ :
This ends the proof of (1)⇒(2). (2)⇒(1). We assume that there exists a continuous homomorphism ϕ : R → G/H, where H is a compact group, such that for every χ in h, the dual of G/H, we have
Since such a continuous homomorphism ϕ : R → G/H exists, it follows that for every χ in h, χ(ϕ(a)) is a character of R, and so, there exists τ χ such that χ(ϕ(a)) = exp{iτ χ a}. Halász's Theorem gives immediately that
and this shows that for every χ in h, which is open since g/h is discrete, and so, not locally negligible, we have lim sup
This ends the proof of Proposition 1.
C. Proof of the Theorem.
P r o o f o f t h e f i r s t c a s e . 1. Since h is not locally negligible, by Proposition 1, there exists a compact group H such that h is the dual of
G/H and a continuous homomorphism ϕ : R → G/H such that for every χ in h, we have
We define
and we consider a compact symmetric neighborhood V of the origin in G/H. Applying Lemma 1 with U = G/H, we can find a continuous compactly supported function I 1 with Fourier transform F (I 1 (χ)) nonnegative and integrable, hence invertible, such that I 1 (0) = 1 and for any u in G/H,
and also
Now, we remark that
by the Lebesgue theorem, and since the integrand is a continuous function taking a positive value at the origin, this integral is positive, has a positive value c, and for x large enough, is greater than c/2. This gives that
Since this inequality can be written as
Now, by Ruzsa's Theorem, there exists a sequence a n in G/H and a probability measure ν with support in G/H such that the sequence of measures
converges vaguely to the measure ν.
2. P r o o f o f t h e N.B. We have to prove that the sequence a n has the property that for any given α satisfying 0 < α ≤ 1 and any sequence Y [x] such that x
converges and the limit is not 0. By the Cauchy criterion, we have, for any given α satisfying 0 < α ≤ 1 and any sequence Y [x] 
which can be written as
P r o o f. Since H and the sequence of measures
satisfy the hypothesis of Theorem 3.2 of [7] , the measure ν is not continuous if and only if H is finite and lim y→∞ p≤y
where S p is defined by
This is equivalent to p∈P (1 − S p ) < ∞ which is true if and only if
It is clear that this inequality means that for some sequence (u p ), p ∈ P , we have
It is easy to check that these inequalities can be satisfied if and only if the condition If K is a compact subgroup of G and ϕ is a continuous homomorphism from R to G/K, the dual group k of G/K is open and the duality theory gives that for every χ in k, there exists a real number τ χ such that for every t in R * , we have χ(ϕ(t)) = exp{iτ χ t}, which gives that for every n in N * , χ(ϕ(log n)) = exp{iτ χ log n}.
Since m(h) = 0, by Halász's Theorem, we know that for every real u, we have dm-a.e. which implies immediately that whatever the sequence a n is, we have
for almost every χ in k, and this ends the proof of the second case of the Theorem.
